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Abstract-In this paper, a novel Chebyshev pseudospectral multidomain technique is introduced 
for the numerical solution of the partial differential equations. Careful consideration is given to the 
proper interface condition, which decomposes the solution domain into subdomains by overlapping one 
grid point. The effectiveness of the technique is illustrated for the solution of the partial differential 
equations exhibiting ‘weak’ or discontinuous solutions. 
1. INTRODUCTION 
In recent years, spectral methods have become increasingly popular in the numerical solution 
of the partial differential equations [l]. When applied to the problems with smooth solutions, 
their ability to yield highly accurate approximations with relatively few grid points has made 
them the method of choice in comparison to the standard finite difference and finite element 
methods. However, for problems which exhibit rapid variation of the solution over a small range 
of independent variable, the global nature of the spectral methods meets with its limited success 
due to the well-known Gibbs’ oscillation. Numerous methods have proposed to resolve this type 
of stiff problems, e.g., [l-3]. A mong the various methods, the domain decomposition method is 
one of the favorable choices. 
In this paper, a novel Chebyshev pseudospectral multidomain method for solving the partial 
differential equations is described. Careful consideration is given to the proper interface condition 
in the domain decomposition method, which decomposes the solution domain into subdomains 
by overlapping one grid point. Although the strategies of overlapping subdomains have been 
discussed by a number of authors (see, e.g, [4,5]) in the past years, their blending methods 
usually require an interpolating or alternative-sweeping procedure in the computation. By setting 
up the overlapping collocation points properly, however, the present method could easily solve 
the problem by deriving its derivative matrices for the differential operators. It significantly 
improves the interface conditions in comparison to those previous ones whose endpoints are 
shared between subdomains because only the continuity of the function at the collocation points 
is imposed. The utility of this novel technique is demonstrated for the case of differentiation 
functions involving steep gradients. The solutions of the Burgers equation and Buckley-Leverett 
equation are shown that the present multidomain method offers the best accuracy among the 
existing spectral methods for problems exhibiting ‘weak’ or discontinuous solutions. 
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2. THE OVERLAPPING MULTIDOMAIN METHOD 
Consider a function f(z) defined on a domain [a, b]. One wishes to approximate f(z) on a set 
of subdomains, Ifi, such that, 
In the Chebyshev 
N + 1 collocation 
points 
I, = [xyxq , ,u=l,...,M. (1) 
pseudospectral multidomain methods, within each subdomain IP, there are 
points which are the scaled translation of Gauss-Lobatto collocation (GLC) 
F,j = -cosn3 
N’ 
O<j<N. (2) 
Explicitly, the collocation points for the pth subdomain are obtained from the linear transforma- 
tion 
5 = ; [zp-1 + 3Y + (Z’” - 5’“-1) q , (3) 
which maps [-1, l] onto [&‘-l, ~“1. To represent the function f(x) as the Lagrangian inter- 
polant within in each subdomain Ip through the N + 1 points Zj, the Chebyshev pseudospectral 
multidomain approximation is written as 
N 
k=O 
xp-l < x < xp, 
where fr are discrete values of f(z) at the collocation points on Iw. 
tion g;(z) are identically zero outside the pth subdomain, and satisfy 
subdomain. Given the GLC points (2), g:(F) can be expressed as 
where Tl(f) are the Chebyshev polynomials, and cs = cN = 2, cz = 1 (1 < 1 5 N - 1). 
(4 
The interpolating func- 
g,“(&) = SQ within the 
(5) 
The next step in getting a pseudospectral multidomain approximation is to express the differ- 
ential operator, -&, in term of f(z) at the collocation points xj within each subdomain IP. This 
can be done by differentiating (4) with respect to x. With (4), one may obtain 
~~(x)=~s.~g~(~)=~s.(~)k.~g~(Z), xp-l < 2 < xp, (6) 
j=O j=O 
so that 




(Df)i,j = 2k 
(p -xc"-1)" 
' (Dk)i,jy (8) 
and (Dk)i,j (0 5 i, j 5 N) is the differential operator in a single domain [-l,l]. 
A crucial aspect of the multidomain approximation is the manner in which solutions on con- 
tiguous domain are patched. There are several interface condition methods available for the mul- 
tidomain approximation, e.g., (1,5,6]. The pseudospectral matrix element method (Co method) 
which imposes Co continuity across the subdomain interface was proposed by Ku et al. [5]. It 
divides the solution domain into M subdomains, each of which have N + 1 collocation points, 
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and whose endpoints are shared at the subdomain interfaces. At the interfaces, the derivative is 
approximated by weighting the derivatives from each side, according to the relation, 
af af 
dz =ffz +(l--0rg , lIp<I-1. interface !J p+l 
Another commonly used approach in the multidomain spectral approximation is the C1 method 
formulated by Gottlieb and Lustman [6]. It differs from the Co method in that, rather than 
treating the shared boundary points of adjoining subdomains as a single point where only Co 
continuity is imposed, these points are considered distinct, with Co and C1 continuity both 
explicitly imposed. The values of the function at the interfacial points are determined from the 
continuity conditions 
fl, = fl,,l, (10) 
With the interfacial approximation (9), the global structure of the differential operator can be 
constructed which combines the local subdomain derivative given in (6). The resulting matrix 
has block tridiagonal form with a row of the hatch area (see, e.g., [5]). 
The problem involved in these methods is that the global approximation polynomial used to 
approximate the differential equations is not smooth, i.e., the derivative at the interface does 
not naturally imposed. Therefore the resolution at the interface may not be as good as in the 
subdomain. To improve the resolution at the interface, we decompose subdomains by overlapping 
one grid point. The domain decomposition for the domain [a, b] is illustrated in Figure l(a). It 
is broken into M subdomains, I,, = [zp-‘, XC”], where the role of P-i and 211 are played of both 
the endpoints of each subdomain Ip and the interior points of their adjacent subdomains, i.e., 
zp--l E &_I and zp E &. Thank for the natural characteristics of Chebyshev polynomials that 
the GLC points are symmetrically distributed at the two ends, the end-points coincides with the 
interior collocation points provided that two adjacent subdomains have the same degree of the 
Chebyshev polynomials. This makes possible that any order of the derivatives at the collocation 
points can be evaluated by the derivatives of the Chebyshev polynomials within each subdomain. 
The global structure of the differential operator is shown in Figure 1 (b), which has diagonal form 
with two rows of the hatch area. It should be pointed out that the present scheme becomes 
exactly the same as the standard finite difference method if only three GLC points are used in 
each subdomains. 
Figure l(a). A 1-D domain [a, b] decomposition into A4 subdomains Ip with N + 1 
GLC points in each subdomain using the present multidomain method. 
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Figure l(b). Global structure of the derivative operators of the present multidomain 
method (A4 = 5 and N = 6). 
3. NUMERICAL RESULTS 
To demonstrate the utility of the one-grid-overlapped multidomain technique for differentiating 
functions which may exhibit features approaching a discontinuous nature, consider the following 
function, 
f(z) = tanh (m z) -l<zil. (11) 
For small values of parameter m, f(z) is a smooth function throughout the domain [-1, 11. As 
m increases however, the behavior of f(z) approaches that of a step function with f(z) = -1 
for z < 0 and f(z) = 1 for 2 > 0; i.e., a discontinuity develops at the origin. The global 
expansion method, using a twentieth-order polynomial representation in [-1, 11, will exhibit a 
notable error as m increases. However, by decomposing the solution domain into two with a 
tenth-order polynomial representation in each subdomain it should result in accurate values of 
$ even at large m. In Figure 2(a) is illustrated the computed results for m = 5. As expected 
the errors resulting from the global expansion method are higher than the corresponding errors 
from the present method as well as the C1 method, for a given number of collocation points, 
One may notice that, for a large m, considerably fewer points are required using the multidomain 
formulation to achieve a desired accuracy. An important observation here is that, accurate results 
near the interfacial region were produced by the present method, whereas the C1 method results 
in a notable error on the two adjacent interfacial points. 
Now let us consider the following Burgers equation: 
au au 1 a% 
y&+u-=-2’ ax Re dx -1 I x 5 1, t > 0, (12) 
with the boundary and initial conditions 
u(-1, t) = u(1, t) = 0, u(x, 0) = - sin K 5. (13) 
The analytical solution to (12), (13) was obtained by Cole [7]. For moderately large values of 
Re (Re > 100) the initial sine wave develops nearly into a sawtooth at the origin at a non- 
dimensional time of t = 0.3. For t > 0.3, computing an accurate numerical solution becomes 
increasingly difficult as the solution steepens at the origin. The calculations were carried out using 
a second-order Adams-Bashforth-Crank-Nicolson scheme for the time discretization. Numerical 
solutions were obtained using the global expansion method with N = 28 collocation points, and 
the present multidomain method and the Co [5]. Figure 2(b) displays the absolute errors at 
t = 0.4. Here, for the multidomain approximation, the domain is divided into five subdomains 
with a sixth-order polynomial representation in each subdomain. In this case, the errors obtained 
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Figure 2(a). Comparisons of pointwise absolute errors for differentiation of f(r) = 
tanhmz in [--I, I]. 
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Figure 2(b). Comparisons of pointwise absolute errors for the solution of the Burgers’ 
equation, Fk = 100, t = 0.4. 
using the presnet method are substantially smaller than those obtained using the global expansion 
method. The errors of the presnet method exhibits suporier accuracy to those obtained using Co 
method, being in this instance better results produced near the interfacial region. 
For the Burgers equation considered above, the location of the discontinuity is known a priori. 
For problems where the discontinuity moves with time through the computational domain, let, us 
consider the Buckley-Leverett equation 
8f(u) 8% $+-gy=- 
8x2 ’ 
where the function f(u) is given by 
f(u) = u2 
u2 + a( 1 - u)2 ’ 
on the interval [0,2] with the initial and boundary condition 
(14 
(15) 
4x30) = & (16) 
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and 
zl(0,t) = 1, 2 (2,t) = 0, t > 0. (17) 
The solution of this problem is a wave that steepens and travels in the positive z-direction and 
eventually leaves the domain at z = 2. It is somewhat analogous to the solution of the Burgers 
equations which exhibits a steep gradient that evolves in time. Similar to the Burgers equation, 
Adams-Bashforth scheme for the nonlinear term, and Crank-Nicolson scheme for the viscous 
term is used for the time discretization. Figure 3(a) shows the numerical solution of the present 
method for the viscosity E = 10P3 and the ratio of viscosities cy = 0.5 at time t = 0, t = 0.3, 
t = 0.4 and t = 0.5. The calculations were performed by dividing the solution domain into M = 9 
subdomains with N = 20 GLC points in each subdomain. For comparison, Figure 3(b) presents 
solution of the global expansion method with the same collocation points. As expected, there 
are less oscillations occurred in the multidomain approximation. Since the condition number of 
differential operators has been significantly improved for the multidomain methods, in addition 
to its suporier accuracy the scheme is more stable than the global expansion method. 
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(b) 172 GLC points per subdozain and 1 subdomains. 
Figure 3. Numerical solution of the Buckley-Leverett equation, E = 10-3, t = 0.0, 
t = 0.3, t = 0.4 and t = 0.5. 
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As a conclusion, it is believed that the present one-grid-overlapped multidomain method offers 
the best accuracy among the existing spectral methods. Especially, this formulation is more 
appropriate for the problem where the discontinuity is not known a priori. 
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